Abstract. For any associative algebra A over a eld K we de ne a family of algebras (A) for 2 K Z K 0 (A). In case A is the path algebra of a quiver, one recovers the deformed preprojective algebra introduced by M. P. Holland and the author. In case A is the coordinate ring of a smooth curve, the family includes the ring of di erential operators for A and the coordinate ring of the cotangent bundle for SpecA. In case A is quasi-free and 1 A is a nitely generated A-A-bimodule we prove that (A) is well-behaved under localization. We use this to prove a Conze embedding for deformations of Kleinian singularities.
If K is an algebraically closed eld of characteristic zero and ? is a non-trivial nite subgroup of SL 2 In this paper we construct an embedding : O ! C where is the trace of on the regular representation of ?, and C = Khx; y j xy ? yx = i. This is an embedding of noetherian domains, and we show that it induces an isomorphism of quotient division rings. In the commutative case C is a polynomial ring in two variables, so the embedding is a birational map from the a ne plane to a deformation of the Kleinian singularity. In the noncommutative case C is isomorphic to the rst Weyl algebra, and the embedding is reminiscent of one constructed by N. Conze 3] . We therefore call a`Conze embedding'.
In the work of M. P. Holland and the author, the key idea for studying deformations of Kleinian singularities was to relate them to a new class of algebras which we introduced, the`deformed preprojective algebras' associated to quivers of extended Dynkin type. In fact, in our earliest work we constructed Conze embeddings. By divided into cases according to the di erent types of extended Dynkin quivers, we constructed representations of the deformed preprojective algebras over C . These representations induce maps O ! C , and we used computer calculations to prove that these maps are injective. Instead of publishing our work, we decided to wait for a better understanding of deformed preprojective algebras, and a natural proof of the existence of Conze embeddings. This paper is the result. Although M. P. Holland is not explicitly an author of this paper, he has contributed a great deal to it.
Let K be an arbitrary eld. For any K-algebra A (associative, with 1), and any element 2 K Z K 0 (A) we de ne an algebra (A). It is equipped with a homomorphism A ! (A). Note that an element 2 K determines the element A] 2 K Z K 0 (A), and for simplicity we write (A) rather than A] (A).
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Theorem 0.2. If Q is a quiver and 2 K Z K 0 (KQ) then (KQ) = CBH (Q).
Theorems 0.1 and 0.2 together imply that BGL (KQ) = 0 CBH (Q). This has been known for some time|it was explained to the author by C. M. Ringel|and it was used implicitly in 5]. An alternative proof has recently been written up by Ringel 13] .
Theorem 0.2 includes as a special case the fact that for a polynomial ring in one variable, (K x]) = C . It is this isomorphism which leads to the appearance of C in the Conze embedding. When K has characteristic zero, the algebra 1 (K x]) is the ring of di erential operators for K x]. This turns out to be no coincidence. Indeed we prove the following result.
Theorem 0.3. If K is a eld of characteristic zero and A is the coordinate ring of a smooth a ne curve over K, then 0 (A) is the coordinate ring of the cotangent bundle of Spec A and 1 (A) is the ring of di erential operators for A.
The rst three theorems deal with examples of (A). We now turn to the functorial properties of (A). In Section 5 we prove the following result.
Theorem 0.4. Suppose that e is an idempotent in an algebra A with AeA = A. If 2 K Z K 0 (eAe), then (eAe) = e( (A))e, where 2 K Z K 0 (A) corresponds to under the natural isomorphism K 0 (eAe) = K 0 (A).
It follows that the algebras (A) are well-behaved under passage to matrix rings and under Morita equivalence. For example if A and B are Morita-equivalent algebras, and 2 K Z K 0 (A) corresponds to 2 K Z K 0 (B), under the isomorphism K 0 (A) = K 0 (B), then (A) and (B) are Morita equivalent. In the next section we show that the algebras (A) are also well-behaved under direct products.
According to Cuntz and Quillen 6] , an algebra A is quasi-free if the kernel 1 A of the multiplication map A A ! A is a projective A-A-bimodule. Such algebras are to be considered as coordinate rings of noncommutative manifolds. We say that A is bimodule-nite if 1 A is a nitely generated bimodule. The following result is perhaps already known to experts.
Proposition 0.5. An algebra A is bimodule-nite if and only if it has a nitely generated subalgebra C, such that the inclusion C ! A is a ring epimorphism.
It is easy to see that path algebras are both quasi-free and bimodule-nite. Now any quasi-free algebra is hereditary, and over the complex numbers Cuntz and Quillen observed that every nite-dimensional hereditary algebra is Morita equivalent to a path algebra, so is quasi-free. In the general case, however, the situation is slightly more complicated. is a pushout in the category of rings. Now suppose that Q is an extended Dynkin quiver with vertex set I, and for simplicity suppose that K is an algebraically closed eld. Let In an appendix we use the methods of this paper to study the variety of representations of 0 (KQ) of dimension .
We nally return to Kleinian singularities. Assume that K is algebraically closed of characteristic zero, and let ? be a nite subgroup of SL 2 (K). Let Q be an orientation of the McKay quiver of ?, and let 0 be an extending vertex. Recall that there is an isomorphism O = e 0 (KQ)e 0 , where 2 Z(K?) is identi ed with 2 K I by letting i be the trace of on the ith irreducible representation of ?.
Here is the result mentioned at the start of the introduction. Proof. An algebra homomorphism : 0 (A) ! gr a (A) is determined by an algebra homomorphism A ! a (A) 0 , which we take to be the natural map, and an A-A-bimodule map g : H 1 (A; A A) ! (gr a (A)) 1 . For to be surjective, we need g to be surjective, so it su ces to show that (gr a (A)) 1 Clearly the ideal generated by is also generated by the elements P i e i e i with i 2 I and e s e r with r 6 = s. These are P a2Q a; a ]? P n i=1 i e i and c rs respectively. The result follows.
The path algebra of the quiver with one vertex and one loop is a polynomial ring K x], so we have the following special case. 
Differential operators on curves
Throughout this section A is the coordinate ring of a smooth a ne curve. Thus it is a commutative domain, nitely generated over K, of Krull dimension 1, and it is smooth over K, so for any commutative K-algebra C and any ideal I in C with I 2 = 0, any K-algebra homomorphism A ! C=I lifts to a K-algebra homomorphism A ! C. A suitable reference for smooth algebras is 10, xx25{30].
The following result is due to Schelter 14] (at least when K is algebraically closed).
Lemma 4.1. 1 A is a rank 1 projective A e -module. Thus A is quasi-free.
Proof. Since A is smooth over K, so is A e , so for any maximal ideal m of A e the localization (A e ) m is regular of dimension 2. Localizing the de ning sequence for 1 where the top map is the isomorphism of Theorem 4.3, the left hand vertical map is as in Lemma 1.5, and the right hand vertical map is the natural isomorphism resulting from the fact that A is smooth and K has characteristic zero. It follows that gr is an isomorphism, and then the result follows since 1 (A) = u (A) by Lemma 1.1.
Morita equivalence
In this section A is an algebra and e 2 A is an idempotent with AeA = A, so that A is Morita equivalent to eAe. We de ne f = 1 ? e. Lemma 5. Proposition 7.3. An algebra A is bimodule-nite if and only if it has a nitely generated subalgebra C, such that the inclusion C ! A is a ring epimorphism.
Proof. If there is such a subalgebra C then 1 C is known to be nitely generated (see for example 1]), and the short exact sequence of Lemma 7.1 shows that 1 A is nitely generated. For the converse, choose generators of 1 A, and choose a nitely generated subalgebra C su ciently large so that the generators all lie in C C A A. Now there is a commutative diagram with exact rows Proof. Since rad A is nilpotent, every simple A-A-bimodule occurs as a composition factor of (A= rad A) (A= rad A), and the separability hypothesis implies that (A= rad A) (A= rad A) is semisimple. The previous lemma now shows that Tor A e 1 (S; M) = 0 for all simple A e -modules S. Since A e is nite-dimensional, it follows that M is a projective A e -module. Proof. Looking at the last two terms in the minimal projective resolution of a module of nite projective dimension, there must be an injection of one projective into another which is not split. This is impossible if all projective modules are injective.
Proposition 8.5. A nite-dimensional algebra A is quasi-free if and only if it is
hereditary and A= rad A is separable over K.
Proof. If A is hereditary, the bimodule 1 A satis es the hypotheses of Lemma 8.2. Thus if A= radA is separable over K then 1 A is a projective bimodule, so A is quasi-free. Now suppose that A is quasi-free. Certainly this implies that A is hereditary. Let S be a simple A-module, and let B be the corresponding simple factor of A= rad A. Since A is hereditary, its Gabriel quiver has no oriented cycles (since any nonzero map between indecomposable projectives must be injective). It follows that Ext 1 A (S; S) = 0. Now the projection A ! B is a pseudo at epimorphism by 15, Theorem 4.8], since the the restriction to A of any B-module is isomorphic to a direct sum of copies of S. Thus B is quasi-free, so B has projective dimension 1 as a B e -module. Now B e is self-injective by Lemma 8.3, so actually B is a projective module. Thus B is separable. Repeating for each simple A-module it follows that A= rad A is separable. We shall also need one further observation. is the corresponding universal localization, then restriction via the natural map induces an equivalence from the category of ( ) (A X )-modules to the category of (A)-modules whose restriction to A is in X ? .
10. Module varieties Let K be an algebraically closed eld, let A be a nitely generated K-algebra and let e i (i 2 I) be a complete set of orthogonal idempotents, so e i e j = 0 for i 6 = j and Proof. If Q is of typeÃ n , oriented as a cycle, then X should consist of n of the n+1 one-dimensional simple modules. If Q has no oriented cycles then X should contain all the regular simple modules in one tube in the Auslander-Reiten quiver of KQ, and all but one regular simple module in every other tube. Localizing at a set which contains all but one regular simple in each tube, one obtains by 4, Theorem 4.2] a tame hereditary algebra with two simple modules. Since the base eld is algebraically closed, this algebra is Morita equivalent to the Kronecker algebra. Now localizing at one further regular simple module, one obtains an algebra Morita equivalent to K x]. Lemma 11.5. The ring (KQ) has Goldie rank at least N.
Proof. Let M be the restriction to (KQ) of the simple module for its quotient ring. Letting E = End(M) op we consider M as a (KQ)-E-bimodule. One can consider M as a representation of the quiver Q by right E-vector spaces and Elinear maps, satisfying the usual relations for the deformed preprojective algebra. Now these vector spaces are nite dimensional over E, and lead to a dimension vector 2 N I , and the Goldie rank of (KQ) is
If i is a loopfree vertex and i 6 = 0 then the re ection functor of 5, Theorem 5.1] evidently de nes an equivalence from the category of (KQ)-E-bimodules to the category of 0 (KQ)-E-bimodules, for some 0 , which acts as s i on dimension vectors.
By applying a sequence of re ection functors to M we pass to a 0 (KQ)-Ebimodule M 0 of dimension vector 0 (for a new 0 ), and we choose the sequence to ensure that 0 is minimal. This implies that for any vertex i, either 0 i = 0 or Now M is an injective module over (KQ), so M 0 is injective over 0 (KQ), so applying dim E Hom(?; M 0 ) we deduce that ( 0 ; i ) = 0.
Thus 0 is in the fundamental region for Q, so is a multiple of the vector . Now is unchanged by the re ections s i , so must have been a multiple of . The result follows.
Let D be the quotient division algebra for C . Proof. It su ces to observe that if e is an idempotent in a prime Goldie ring R with simple artinian quotient ring Q(R), then eRe is prime Goldie with quotient ring eQ(R)e.
Appendix
In this appendix we use the methods of the paper to prove the normality of a certain variety. This result is used in the article 9] by M. P. Holland. If K is an algebraically closed eld and Q is an extended Dynkin quiver with minimal imaginary root , then Ringel 12] Lemma 12.2. If Q is an extended Dynkin quiver then any semistable KQ-module M of dimension can be extended to a 0 (KQ)-module which is a brick. Proof. Certainly this is true if Q has typeÃ n , so that i = 1 for all vertices i. One considers the KQ-module M as a representation of Q in which the vector space at each vertex is 1-dimensional. Now one extends this to a representation of Q by letting a be a non-zero map if and only if a is zero. Clearly this de nes a 0 (KQ)-module, and it is easy to see that it is a brick.
To deal with other quivers, we rst formulate the assertion in a Morita-invariant way, and then we use universal localization to reduce to typeÃ n .
Observe that a KQ-module M is semistable of dimension if and only if it is regular, and its regular composition factors are exactly the regular simples for some tube in the Auslander-Reiten quiver of KQ, each with multiplicity one. For simplicity we call this property (*).
In view of the Morita equivalence property for 0 (A), the lemma may be formulated as the following claim: if A is a tame hereditary algebra and M is an A-module with property (*), then M can be extended to a 0 (A)-module which is a brick. We prove this claim by induction on the number of simple modules for A. Let M be a module with property (*).
If there are no inhomogeneous tubes in the Auslander-Reiten quiver for A, except possibly the one containing M, then A is of typeÃ n , and we have checked the claim at the start of the proof.
If there is such an inhomogeneous tube, choose a regular simple module X contained in this tube, and let A ! B be the corresponding universal localization.
Then B is a tame hereditary algebra with one fewer simple module than A by 4, 
